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QUASI-FROBENIUS FUNCTORS. APPLICATIONS
F. CASTAN˜O IGLESIAS†, C. NAˇSTAˇSESCU‡, AND J. VERCRUYSSE⋄
Abstract. We investigate functors between abelian categories having a left ad-
joint and a right adjoint that are similar (these functors are called quasi-Frobenius
functors). We introduce the notion of a quasi-Frobenius bimodule and give a char-
acterization of these bimodules in terms of quasi-Frobenius functors. Some appli-
cations to corings and graded rings are presented. In particular, the concept of
quasi-Frobenius homomorphism of corings is introduced. Finally, a version of the
endomorphism ring Theorem for quasi-Frobenius extensions in terms of corings is
obtained.
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Introduction
For any ring extension ϕ : R → S, we can always consider the triple of functors
Γ = (S⊗R−, ϕ∗,HomR(RS,−)) where S⊗R− and HomR(RS,−) are, respectively, the
left and the right adjoint of the restriction of scalars functor ϕ∗ : SM → RM. The
functor ϕ∗ is termed a Frobenius functor if S ⊗R − and HomR(RSS,−) are naturally
isomorphic. Morita observed in [14] that ϕ∗ is a Frobenius functor if and only if ϕ is
a Frobenius extension in the sense of [13], i.e. S is finitely generated and projective
as a left R-module and S ∼= HomR(RS,R) as an (S,R)-bimodule. Frobenius algebras,
and Frobenius ring extensions have been studied for more than hundred years, and
surfaced in the most diverse parts of algebra and beyond.
The advantage of studying Frobenius functors, rather than Frobenius algebras, is
twofold. First, it provides a more abstract, and therefore in many cases a more clari-
fying view on many aspects and properties of Frobenius algebras and ring extensions.
Secondly, Frobenius functors can be studied as well between other than pure module
categories. This made it possible to transfer properties of Frobenius ring extensions to
very similar properties in terms of for example Hopf algebras and corings by studying
Frobenius functors for their categories of Hopf modules or comodules, respectively.
Beside Frobenius algebras, there is also a vivid interest in quasi-Frobenius algebras.
These are more general, but still posses many of the interesting properties of Frobenius
algebras. The aim of this note is to initiate a functorial study of quasi-Frobenius
algebras, similar to the Frobenius case.
† Research partially supported by Grant P07-FQM-03128 of Junta de Andalucia.
‡ Research supported by Grant 434/1.10.2007 of CNCSIS, PN II (ID 1005).
⋄ The author is Postdoctoral Fellow of the Fund for Scientific Research–Flanders (Belgium)
(F.W.O.–Vlaanderen).
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Recall from Mu¨ller [15] the notion of a left (and right) quasi-Frobenius extension,
generalizing a Frobenius extension: ϕ is a left quasi-Frobenius extension if RS is
finitely generated and projective and S is isomorphic as an (S,R)-bimodule to a direct
summand of a finite direct sum of copies of HomR(RS,R). Equivalently, RS and SR are
finitely generated and projective and HomR(SR, R) is isomorphic as (R, S)-bimodule
to a direct summand of a finite direct sum of copies of S. Similarly, ϕ is a right quasi-
Frobenius extension if SR is finitely generated and projective and S is isomorphic
as (R, S)-bimodule to a direct summand of a finite direct sum of HomR(SR, R). We
easily conclude that ϕ is a quasi-Frobenius extension (both left and right) if and only if
RS is finitely generated and projective and the (S,R)-bimodules S and HomR(RS,R)
are similar, i.e. (S ⊗R −, ϕ∗) is a quasi-strongly adjoint pair in the sense of [14,
Theorem 5.1]. Note that ϕ∗ is a member of the triple of functors Γ where S ⊗R −
and HomR(RSS,−) are similar. In this note, we will term a functor ϕ∗ with these
properties a quasi-Frobenius functor. So the ring extension ϕ is quasi-Frobenius if
and only if ϕ∗ is a quasi-Frobenius functor.
In this paper we shall concentrate on quasi-Frobenius functors between Grothendieck
categories. The purpose is to give a categorical framework to study quasi-Frobenius
properties, in a way that the results can be applied not only to ring extensions, but
also to bimodules, graded rings, coring homomorphisms and bicomodules. Moreover
the functorial language can give a natural interpretation to certain known results,
for example, Mu¨ller’s result that if ϕ : R → S is a quasi-Frobenius ring extension of
two k-algebras over a field, then R is a quasi-Frobenius k-algebra if and only if S is
quasi-Frobenius k-algebra can now be understood as a consequence of our theory (see
Corollary 4.2).
After recalling some elementary definitions, we introduce in Section 2 the concept
of a quasi-Frobenius triple of functors (L,F,R), or equivalently, a quasi-Frobenius
functor F, for categories with finite coproducts (see Definition 2.1). This concept
generalizes the notion of a Frobenius functor [7] and is closely related to the recently
introduced left quasi-Frobenius pair of functors [11]. We prove some basic properties
of quasi-Frobenius triples, in particular we show that they behave very well with
respect to limits and colimits (see Lemma 2.4).
In Section 3, we characterize quasi-Frobenius functors between module categories,
in fact, this coincides with Morita’s notion of a strongly quasi-adjoint pair of func-
tors. A particulary interesting feature of this special situation is that the left and
right adjoint of a quasi-Frobenius functor is again quasi-Frobenius, hence it induces
a sequence of quasi-Frobenius functors (see Remark 3.9), a property that seems to be
lost in the general case.
Another interesting case is given by graded rings and modules and this is considered
in Section 5, where we provide an example of a functor that is quasi-Frobenius if and
only if it is Frobenius (see Remark 5.2).
The notion of Frobenius extension for coalgebras over fields was introduced by
Go´mez-Torrecillas and the first two authors in [7] and extended to corings by Zarouali-
Darkaoui [21]. In Section 6, we characterize quasi-Frobenius functors between cat-
egories of comodules over corings. In the last section we introduce the concept of
a quasi-Frobenius morphism of corings which generalizes the notion of a Frobenius
QUASI-FROBENIUS FUNCTORS. APPLICATIONS 3
morphism of corings. Next we focus on corings for which the induction functor from
the category of right A-modules to the category of right comodules of an A-coring is
quasi-Frobenius. We term such corings quasi-Frobenius corings. As an application,
we prove that any quasi-Frobenius extension ϕ : R → S induces a quasi-Frobenius
coring. This result generalizes [5, Theorem 2.7] and [11, Proposition 4.3].
1. Preliminaries
Divisibility and similarity. Let A be a category with finite coproducts. For an
object X in A, and a positive integer n, we denote by Xn the coproduct (direct
sum) of n copies of X . Consider now two objects X and Y in A. Then we say
that X divides Y , denoted by X |Y , if there exist positive integer n and morphisms
φ : X → Y n and ψ : Y n → X , such that ψ ◦ φ = 1X . Two objects X and Y in A are
said to be similar, denoted by X ∼ Y if X divides Y and Y divides X at the same
time. Clearly, “∼” defines an equivalence relation on the class of objects of A. From
the splitting lemma, the following result follows immediately.
1.1. Lemma. Let A be an abelian category and X, Y ∈ A two objects. Then the
following statements are equivalent
(i) X | Y ;
(ii) there exists a positive integer n and an object Z ∈ A such that 0→ Z → Y n →
X → 0 is a split exact sequence;
(iii) there exists a positive integer n and an object Z ∈ A such that Y n ∼= X ⊕ Z.
In this paper we will consider some particular cases of this situation. In this section
we introduce the necessary notation.
Functor categories. Let A an B be two categories, where A has finite coproducts.
Consider now a suitable category Fun(B,A), whose objects are functors F : B → A
and whose morphisms are natural transformations between these functors. One can
easily check that Fun(B,A) has finite coproducts, which can be defined as follows.
For any two functors F,G : B → A, and X ∈ B, we put (F⊕G)(X) = F(X)⊕G(X).
The definitions of divisibility and similarity therefore apply to Fun(A,B). Explicitly,
given covariant functors L,R : B → A, we say that L divides R, denoted by L | R,
if for some positive integer n there are natural transformations
L(X)
φ(X)
// R(X)n
ψ(X)
// L(X) ,
such that ψ(X)◦φ(X) = 1L(X), for all X ∈ B. Analogously, R | L if for some positive
integer m there are natural transformations
R(X)
φ′(X)
// L(X)m
ψ′(X)
// R(X) ,
such that ψ′(X) ◦ φ′(X) = 1R(X), for all X ∈ B. The functor L is said to be similar
to R, denoted by L ∼ R, whenever L | R and R | L.
The following lemma is obvious,
1.2. Lemma. Consider functors L,R : B → A. If L | R, then L(X) | R(X) in A
for all X ∈ B. Consequently, if L ∼ R, then L(X) ∼ R(X) in A for all X ∈ B.
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We will study properties of these functors in more detail in Section 2.
Rings and modules. Consider associative and unital rings R and S. We use the
following notation and definitions as in [2]. For an (R, S)-bimodule we write RM ,
MS or RMS if we want to stress the left R-module, right S-module or bimodule
structure on M , respectively. If N is another (R, S)-bimodule, then HomR(M,N) =
HomR(RM,RN) denotes the abelian group of left R-module maps, HomS(M,N) is
the abelian group of right S-module maps. A bimodule has two duals, a left dual
(RM)
∗ = HomR(RM, RR) and a right dual (MS)
∗ = HomS(MS, SS). The categories
of all (R, S)-bimodules, left R-modules and right S-modules are denoted respectively
by RMS, RM and MS.
We can consider divisibility and similarity in RMS. This leads now to the following
explicit description. We say that the (R, S)-bimoduleM devides the (R, S)-bimodule
N , denoted by M | N , if there exists a positive integer n and an (R, S)-bimodule P
such that M ⊕ P ∼= N (n). Furthermore, M and N are called similar, abbreviated
RMS ∼ RNS, if M devides N and N devides M , i.e. there are m,n ∈ N and (R, S)-
bimodules P and Q such that M ⊕ P ∼= N (n) and N ⊕Q ∼= M (m) as bimodules. The
properties of similar bimodules are examined in Section 3.
Corings and comodules. Let A be an associative and unitary algebra over a com-
mutative ring (with unit) k. We recall from [19] that an A-coring C consists of an
A-bimodule C with two A-bimodule maps
∆ : C→ C⊗A C, ǫ : C→ A
such that (C ⊗A ∆) ◦ ∆ = (∆ ⊗A C) ◦ ∆ and (C ⊗A ǫ) ◦ ∆ = (ǫ ⊗A C) ◦ ∆ = 1C.
A right C-comodule is a pair (M, ρM ) consisting of a right A-module M and an A-
linear map ρM : M → M ⊗A C satisfying (M ⊗A ∆) ◦ ρM = (ρM ⊗A C) ◦ ρM and
(M ⊗A ǫ) ◦ ρM = 1M . Let M and N be two right C-comodules. A morphism of right
C-comodules, or a right C-colinear map, is a right A-linear map f : M → N such that
ρN ◦ f = (f ⊗A C) ◦ ρM . The right C-comodules together with their morphisms form
the additive category MC. If AC is flat, then M
C is a Grothendieck category.
Consider now an A-coring C and a B-coring D. The category CMD consists of
objects, called (C,D)-bicomodules, that are at the same time a left C-comodule
(M,λM,C) and a right D-comodule (M, ρM,D) such that
(C⊗A ρM,D) ◦ λM,C = (λM,C⊗B D) ◦ ρM,D,
and whose morphisms are k-linear maps that are at the same time left C-colinear and
right D-colinear. Furthermore, given bicomodules N ∈ DMC and N ∈ CMD
′
with
D
′ any B′-coring, we can consider the cotensor product as the following equalizer in
BMB′ .
NCN
// M ⊗A N
M⊗AλN,C //
ρM,C⊗AN
// M ⊗A C⊗A N.
If DB and B′D are flat modules, then NCN is a (D,D
′)-bicomodule. In particular,
NCC ∼= N as (D,C)-bicomodule.
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Applying the definitions of divisibility and similarity to the category DMC, we
obtain the following. A bicomodule DNC will be said to divide the bicomodule DNC,
abbreviated DNC | DNC, if there is an integer n ∈ N and a (D,C)-bicomodule P such
that N ⊕P ∼= N
(n)
. Furthermore, N is similar to N , or N ∼ N if in addition there is
an integer m ∈ N and a (D,C)-bicomodule Q such that N⊕Q ∼= N (n) as bicomodules.
Similar bicomodules will be studied in Section 6 and Section 7.
2. Quasi-Frobenius functors between Grothendieck categories
Let A and B be categories that posses finite coproducts. Consider a triple of
functors Γ = (L,F,R), where F : A → B has a left adjoint L : B → A and also a
right adjoint R : B → A. In this situation, we call Γ an adjoint triple. Notice that F
is exact and preserves limits and colimits, L always preserves projective objects and
colimits and is right exact, the functor R preserves injective objects and limits and
is left exact.
2.1. Definition. A quasi-Frobenius triple for the categories A and B consists of an
adjoint triple of functors Γ = (L,F,R) as above, where L and R are similar functors.
A functor F : A → B is said to be a quasi-Frobenius functor if (L,F,R) is a
quasi-Frobenius triple for some functors L,R : B → A.
2.2. Remark. In the case where B =MB and A =MA for certain rings A and B, the
situation of a quasi-Frobenius triple of functors for the categories A and B was termed
a strongly adjoint pair of functors in [14]. We will study this particular situation in
Section 3.
Before proving some properties of quasi-Frobenius triples, we state the following
elementary lemma.
2.3. Lemma. Let A be a Grothendieck category. For a positive integer n, let Pn :
A → A be the defined by Pn(X) = X
n. Then Pn preserves all limits and colimits.
Proof. Let us proof that Pn preserves arbitrary colimits, the proof for limits is ob-
tained by applying dual arguments. Consider a (small) category Z and a functor
H : Z → A. Let (C, cZ) = colimH be the colimit of H. This means that (C, cZ) is a
cocone on H (i.e. C ∈ A is an object and cZ : H(Z)→ C is a collection of morphisms
defined for all Z ∈ Z, such that for all f : Z → Z ′ in Z, we have cZ = cZ′ ◦H(f)),
such that for every other cocone (M,mZ) there is a unique morphism f : C → M
such that mZ = f ◦ cZ for all Z ∈ Z.
Now consider the functor Pn ◦H : Z → A, we have to show that Pn(colimH) =
colim (Pn◦H). Let (M,mZ) be any cocone on Pn◦H. Denote by πi : H(Z)
n → H(Z)
the projection on the i-th component in the direct sum. Then (M,πi ◦ mZ) is a
cocone on H for any i = 1, . . . , n. Hence there exist unique morphisms fi : C → M
satisfying πi ◦ mZ = fi ◦ cZ for all i and all Z. In this way we obtain a unique
morphism f = f1 ⊕ f2 ⊕ . . .⊕ fn : C
n → M satisfying mZ = f ◦ Pn(cZ). Therefore,
(Pn(C
n),Pn(cZ)) is the colimit of Pn ◦H. 
Remark that with notation as in Lemma 2.3, Fn = Pn ◦F for any functor F : A →
A.
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2.4. Lemma. Consider Grothendieck categories A,B and C. If (L,F,R) is a quasi-
Frobenius triple for A and B, then
(a) The functors L,F and R are exact and preserve all limits and colimits as well as
injective and projective objects. The functors L and F preserve finitely generated
objects.
(b) If (L¯, F¯, R¯) is a quasi-Frobenius triple for B and C, then
(L ◦ L¯, F¯ ◦ F,R ◦ R¯)
is also a quasi-Frobenius triple for A and C.
Proof. (a) Since F is exact, L preserves projective objects and R injective objects.
Suppose that L ∼ R. Then there are natural transformations
(1) L
φ // Rn
ψ // L
such that ψ ◦ φ = 1L and
(2) R
φ′ // Lm
ψ′ // R
such that ψ′◦φ′ = 1R. From (1) and (2), we easily deduce that R preserves projective
objects and L injective objects. Consider now any short exact sequence in B
(3) 0 // X
f // Y
g // Z // 0
Applying Rn and L to (3), we obtain the commutative diagram with exact rows
0 // Rn(X)
Rn(f)
// Rn(Y )
Rn(g)
// Rn(Z)
L(X)
L(f)
//
φX
OO
L(Y )
L(g)
//
φY
OO
L(Z)
φZ
OO
// 0
0
OO
0
OO
0
OO
from which it follows that L(f) is monic and therefore, L exact. A similar argument
with Lm shows that R is exact.
Since L is a left adjoint, we already know that it preserves colimits, similarly, R,
being a right adjoint, preserves limits. Before we show that R preserves arbitrary
colimits, let us remark that by Lemma 2.3, Lm and Rm preserve colimits and limits
respectively. Now let Z be a (small) category and H : Z → B a covariant func-
tor. We denote as in Lemma 2.3 (C, cZ) = colimH. Obviously, (R(C),R(cZ)) and
(Lm(C),Lm(cZ)) are cocones on respectively RH and L
mH. Let us denote the col-
imit of RH by (CR, rZ) and the colimit of L
mH by (CL, lZ). Then there are unique
morphisms r : CR → R(C) and l : CL → L
m(C) such that R(cZ) = r ◦ rZ and
Lm(cZ) = l ◦ lZ . That L
m preserves colimits means exactly that l is an isomorphism,
we have to show that r is an isomorphism as well. From the properties of a colimit,
one easily obtains that r is a monomorphism. Next, observe that (CR, rZ ◦ ψ
′
HZ) is
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a cocone on LmH and (CL, lZ ◦ φ
′
HZ) is a cocone on RH. This induces morphisms
ψ¯ : CL → CR and φ¯ : CR → CL such that
rZ ◦ ψ
′
HZ = ψ¯ ◦ lZ and lZ ◦ φ
′
HZ = φ¯ ◦ rZ .
Therefore, we find for all Z ∈ Z,
φ′C ◦ r ◦ rZ = φ
′
C ◦R(cZ) = L
m(cZ) ◦ φ
′
HZ
= l ◦ lZ ◦ φ
′
HZ = l ◦ φ¯ ◦ rZ ,
where we used the naturality of φ′ in the second equality. Since this holds for all
Z ∈ Z, it follows from the properties of the colimit that φ′C ◦ r = l ◦ φ¯. A similar
computation shows that ψ′C ◦ l = r ◦ ψ¯. Hence, we obtain the following commutative
diagram where the upper row is exact,
0 // R(C)
φ′
C // Lm(C)
ψ′
C //// R(C) // 0
CR
r
OO
φ¯ // CL
l
OO
ψ¯ // CR
r
OO
From this diagram one obtains that r is an epimorphism, hence also an isomorphism.
Recall that an object M of A is finitely generated if the functor HomA(M,−)
preserves the sum of an arbitrary directed system {Xi}i∈I in A. By applying the
adjunction property of L and F, we find for a finitely generated object M ∈ B that
HomA(L(M),
∑
i∈I
Xi) = HomB(M,F(
∑
i∈I
Xi)) = HomB(M,
∑
i∈I
F(Xi))
=
∑
i∈I
HomB(M,F(Xi)) =
∑
i∈I
HomB(L(M), Xi),
where we used the fact that F preserves colimits, hence sums, in the second equation
and that M is finitely generated in B in the third equation. It follows that LM is
a finitely generated object in A. Similarly, FN is finitely generated for a finitely
generated object N ∈ A.
(b) Consider natural transformations φ and ψ as in (1) and (2), and similarly natural
transformations φ¯ and ψ¯ for the triple (L¯, F¯, R¯). Since by part (a), all functors
preserve in particular (finite) direct sums, we can define natural transformations
LL′X
Lφ¯X // LR¯Xn
′
φ
R¯Xn
′
// RR¯Xn+n
′ , RR¯Xn+n
′
ψ
R¯Xn
′
// LR¯Xn
′
Lψ¯X // LL¯X ;
RR¯X
Rφ¯′
X // RL¯Xm
′
φ′
L¯Xm
′
// LL¯Xm+m
′ , LL¯Xm+m
′
ψ′
L¯Xm
′
// RL¯Xm
′
Rψ¯′
X // RR¯X ;
which are easily verified to satisfy the required properties. 
The notion of a left quasi-Frobenius pair of functors was introduced by Guo in [11],
where he proved that a ring extension ϕ : R → S is a left quasi-Frobenius extension
if and only if (ϕ∗,−⊗R S) is a left quasi-Frobenius pair of functors.
In general, for categories A and B with finite direct sums, the pair of functors (F,L)
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is called a left quasi-Frobenius pair of functors if F : A → B is a right adjoint of
L : B → A and for some positive integer n, there are natural transformations
α : 1A → (LF)
n and α : (FL)n → 1B
such that
αF(X) ◦ F(αX) = 1F(X)
for all X ∈ A.
Recall that if the functor R : B → A is a right adjoint to F, then the unit
η : 1A → RF and the counit ρ : FR → 1B of the adjunction satisfy the identities
ρF(X) ◦ F(ηX) = 1F(X) and R(ρY ) ◦ ηR(Y ) = 1R(Y ), for all X ∈ A and Y ∈ B.
The next proposition implies, in particular, that if Γ = (L,F,R) is a quasi-
Frobenius triple of functors, then (F,L) is a left quasi-Frobenius pairs. For a more
complete treatment about the connection between quasi-Frobenius triples and (left)
quasi-Frobenius pairs, we refer to [20].
2.5. Proposition. If Γ = (L,F,R) is a quasi-Frobenius triple of functors for A and
B, then (F,L) and (R,F) are left quasi-Frobenius pairs.
Proof. Assume R|L. Then there exist morphisms
R
φ′ // Ln
ψ′ // R
such that ψ′ ◦ φ′ = 1R.
We define the functorial morphism α : 1A → (LF)
n by the composition of mor-
phisms
X
ηX // RF(X)
φ′
F(X) // Ln(F(X)) ∼= (LF)n(X)
for every X ∈ A. Similarly, for any Y ∈ B, the composition
(FL)n(Y ) ∼= F(Ln(Y ))
F(ψ′Y )// FR(Y )
ρY // Y
defines the functorial morphism α : (FL)n → 1B. Then
αF(X) ◦ F(αX) = ρF(X) ◦ F(ψ
′
F(X) ◦ φ
′
F(X) ◦ ηX)
= ρ
F(X) ◦ F(1RF(X) ◦ ηX)
= ρ
F(X) ◦ F(ηX) = 1F(X).
This means that (F,L) is a left quasi-Frobenius pair. Likewise, using that L|R, we
obtain the other afirmation. 
3. Quasi-Frobenius functors between module categories
3.1. Lemma. Let M and N be (R, S)-bimodules, and suppose that M | N . If
F : RMS → R′MS′ preserves finite direct sums, then F (M) | F (N) as (R
′, S ′)-
bimodules. Consequently, if M ∼ N as (R, S)-bimodules, then F (M) ∼ F (N) as
(R′, S ′)-bimodules.
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Proof. Suppose that M | N , by Lemma 1.1 this is true if and only if there exists a
P ∈ RMS such that the following sequence splits in RMS.
0 // M // N (n) // P // 0 .
Recall that any functor preserves split exact sequences and F preserves finite direct
sums. Therefore, if we apply the functor F to the above sequence, then we obtain
the split exact sequence
0 // F (M) // F (N)(n) // F (P ) // 0
in R′MS′. Hence F (M) | F (N). 
3.2. Lemma. Let M and N be (R, S)-bimodules. Then
(i) RMS | RNS if and only if M ⊗S − | N ⊗S −;
(ii) RMS ∼ RNS if and only if the tensor functors M ⊗S− and N ⊗S− are similar.
Proof. We only prove part (i). Suppose first thatM⊗S− |N⊗S−, then the statement
follows by Lemma 1.2. Conversely, if M | N , then also M ⊗S P | N ⊗S P for all P ,
because the tensor product functor − ⊗S P preserves direct sums and therefore we
can apply Lemma 3.1. Naturality of this divisibility is easily checked. 
3.3. Lemma. Let M and N be (R, S)-bimodules. Suppose that M divides N . Then
(i) if N is finitely generated and projective as a right S-module, then M is finitely
generated and projective as a right S-module;
(ii) if N is finitely generated and projective as a left R-module, then M is finitely
generated and projective as a left R-module.
Proof. We only prove part (i), the proof of the second part is similar. Take a finite
dual basis {ek, fk} ∈ N ×HomS(N, SS) for M as a right S-module. Since M divides
N , there exist morphisms
φ : M → N (n), ψ : N (n) → M,
such that ψ ◦ φ = 1M . Denote by πi : N
(n) → N and ιi : N → N
(n) the canonical
projection and injection on the i-th component of the direct sum. Take any m ∈ M ,
then
m = ψ ◦ φ(m) = ψ(
∑
i
ιiπi(φ(m))) =
∑
i
ψιi(πiφ(m))
=
∑
i
ψιi(ekfk(πiφ(m))) =
∑
i
ψιi(ek)fk(πiφ(m))
Hence we obtain a dual basis {ψ ◦ ιi(ek), fk ◦ πi ◦ φ} ∈M ×HomS(M,SS). 
Quasi-Frobenius functors between module categories have already been considered
by K. Morita in [14]. The following theorem extends the characterization given in
that paper.
3.4. Theorem. For functors F : RM → SM and L,R : SM → RM, the following
statements are equivalent.
(a) (L,F,R) is a quasi-Frobenius triple;
10 F. CASTAN˜O IGLESIAS, C. NAˇSTAˇSTESCU, AND J. VERCRUYSSE
(b) There exist bimodules SMR, RNS and RNS with the following properties:
(i) SMR is finitely generated and projective on both sides;
(ii) RNS ∼= (MR)
∗ and RNS ∼= (SM)
∗ as bimodules;
(iii) F ∼= M ⊗R −, L ∼= N ⊗S − and R ∼= N ⊗S −;
(iv) RNS ∼ RNS.
(c) There exist bimodules satisfying (b)(iii) and (iv), as well as
(i)’ RNS is finitely generated and projective on both sides
(ii)’ M ∼= (RN)
∗ and N ∼= (S(RN)
∗)∗;
(d) There exist bimodules satisfying (b)(iii) and (iv), as well as
(i)” RNS is finitely generated and projective on both sides
(ii)” M ∼= (NS)
∗ and N ∼= ((NS)
∗
R)
∗;
Proof. The equivalence (a) ⇔ (b) is proven in [14, Theorem 4.1]. The equivalence
with (c) and (d) follows immediately from Lemma 3.3 and the characterization of
finitely generated and projective modules in terms of adjoint functors that can be
found for example in [14, Theorem 3.1]. 
The following proposition shows that there is a duality between the category of
quasi-Frobenius functors for RM and SM on one hand and the category of quasi-
Frobenius functors for MS and MR on the other hand.
3.5. Proposition. For each quasi-Frobenius triple (L,F,R) for RM and SM there
is a quasi-Frobenius triple (L,F,R) for MS and MR such that the correspondence
(L,F,R) 7→ (L,F,R) between quasi-Frobenius triples is bijective up to natural iso-
morphism.
Proof. Let SMR, RNS and RNS be bimodules associated to the triple (L,F,R) as
in part (b) of Theorem 3.4. Then we define L = − ⊗R N , F = − ⊗S M and
R = −⊗R N . By the left-right dual of Theorem 3.4, we find that (L,F,R) is indeed
a quasi-Frobenius triple and this correspondence is clearly bijective. 
Recall from [2] that an (R, S)-bimodule M is called Frobenius if RM and MS are
finitely generated and projective and (RM)
∗ ∼= (MS)
∗ as (S,R)-bimodules. Motivated
by the previous theorem, we propose in this note the following generalization of
Frobenius bimodules. It should be remarked however, that this notion differs from
the more classical definition of a quasi-Frobenius bimodule (see [3]).
3.6. Definition. An (R, S)-bimodule M is said to be quasi-Frobenius bimodule, if
both RM and MS are finitely generated projective and (RM)
∗ ∼ (MS)
∗ as (S,R)-
bimodules.
Theorem 3.4 and Proposition 3.5 immediately lead to the following.
3.7. Proposition. For any (R, S)-bimodule M the following assertions are equivalent.
(i) RMS is a quasi-Frobenius bimodule;
(ii) M ⊗S − : SM→ RM is a quasi-Frobenius functor;
(ii)’ there is a quasi-Frobenius functor F : SM → RM such that F(S) ∼= M as
(R, S)-bimodule;
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(iii) −⊗R M :MR →MS is a quasi-Frobenius functor;
(iii)’ there is a quasi-Frobenius functor F¯ : MR → MS such that F¯(R) ∼= M as
(R, S)-bimodule.
The following theorem shows that a quasi-Frobenius triple between module cate-
gories can ‘shifted’.
3.8. Theorem. Consider an adjoint triple (L,F,R) for RM and SM. Then the
following statements are equivalent
(i) (L,F,R) is a quasi-Frobenius triple, i.e. F is a quasi-Frobenius functor;
(ii) there exists a functor F1 : RM→ SM such that (F,R,F1) is a quasi-Frobenius
triple for SM and RM, i.e. R is a quasi-Frobenius functor;
(iii) there exists a functor F−1 : RM → SM such that (F−1,L,F) is a quasi-
Frobenius triple for SM and RM, i.e. L is a quasi-Frobenius functor.
Proof. We only prove (i) ⇒ (ii) and (i) ⇒ (iii). The converse implications follow
from this by symmetry arguments.
Let SMR, RNS and RNS be bimodules associated to the triple (L,F,R) as in
Theorem 3.4 (d). Now put F1 = (RN)
∗ ⊗R −. Since N is finitely generated and
projective as a left R-module, F1 is a right adjoint for R. Moreover, we know that
N ∼ N , therefore M ∼= HomR(N, RR) ∼ HomR(N, RR). So by applying again
Theorem 3.4 ((b)⇒ (a)), we find that (F,R,F1) is a quasi-Frobenius triple.
Similarly, we obtain the quasi-Frobenius triple (F−1,L,F), by putting F−1 =
(NS)
∗ ⊗R −. 
3.9. Remark. Let M ∈ SMR be a quasi-Frobenius bimodule. Then we obtain a
sequence of functors
. . .→ RM
((MR)
∗
S)
∗⊗R−//
SM
(MR)
∗⊗S− //
RM
M⊗R−//
SM
(SM)
∗⊗S− //
RM
(R(SM)
∗)∗⊗R−//
SM→ . . .
such that each three subsequent functors form a quasi-Frobenius triple of functors.
In particular, a bimodule is quasi-Frobenius if and only if any of it’s duals appearing
in this sequence is quasi-Frobenius.
If RMS and SNT are bimodules, then M⊗SN receives the natural (R, T )-bimodule
structure by putting r(m⊗Sn)t = rm⊗Snt for all r ∈ R, t ∈ T andm⊗Sn ∈M⊗SN .
3.10. Proposition. Suppose RMS and SNT are quasi-Frobenius bimodules. Then
R(M ⊗S N)T is a quasi-Frobenius (R, T )-bimodule.
Proof. This follows directly from Proposition 2.4 and Lemma 3.2. 
4. Quasi-Frobenius ring extensions
Let ϕ : R → S be a ring morphism. Then ϕ induces an R-bimodule structure on
S. Recall from [15] that ϕ is called a quasi-Frobenius ring extension if and only if S is
finitely generated and projective as a left R-module and the (S,R)-bimodules S and
HomR(RS, RR) are similar. From this definition, it is clear that ϕ is a quasi-Frobenius
ring extension if and only if RSS is a quasi-Frobenius bimodule.
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4.1. Remark. It is obvious that the class of quasi-Frobenius bimodule contains Frobe-
nius bimodules. An example of finite-dimensional quasi-Frobenius algebra which is
not a Frobenius is given in [16]. Consequently, a quasi-Frobenius bimodule need not
be a Frobenius in general.
We can associate to the ring morphism ϕ : R → S the adjoint triple of functors
Γ = (S ⊗R −,
lϕ∗,HomR(RSS,−)) where
lϕ∗ : SM→ RM is the restriction of scalars
functor. By symmetry, we can also consider the restriction functor ϕr∗ : MS →MR
and its adjoint functors − ⊗R S and HomR(SR,−). By applying the results of the
previous section, we obtain the following characterization of quasi-Frobenius ring
extensions.
4.2. Corollary. Let ϕ : R → S be a ring extension. Then the following assertions
are equivalent
(i) ϕ is a quasi-Frobenius extension;
(ii) RSS is a quasi-Frobenius bimodule;
(ii)’ SSR is a quasi-Frobenius bimodule;
(iii) Γ = (S ⊗R −,
lϕ∗, HomR(RS,−)) is a quasi-Frobenius triple for RM and SM,
i.e. lϕ∗ : SM→ RM is a quasi-Frobenius functor;
(iii)’ Γ = (− ⊗R S, ϕ
r
∗, HomR(SR,−)) is also a quasi-Frobenius triple for MR and
MS, i.e. ϕ
r
∗ :MS →MR is a quasi-Frobenius functor;
(iv) −⊗R S :MR →MS is a quasi-Frobenius functor;
(iv)’ S ⊗R − : RM→ SM is a quasi-Frobenius functor.
Proof. The equivalences follow now easily by combining the results of the previous
section. Just observe that − ⊗S S ≃ ϕ
r
∗ : MS → MR and S ⊗S − ≃
lϕ∗ : SM →
RM. 
4.3. Corollary. Let α : R→ S and β : S → T be two ring morphisms. Suppose that
β is a quasi-Frobenius extension. Then α is a quasi-Frobenius extension if and only
if β ◦ α is a quasi-Frobenius extension.
Proof. Consider the following diagram of functors
MR
−⊗RT
!!C
CC
CC
CC
CC
CC
CC
CC
CC
−⊗RS //
MD
−⊗ST
}}{{
{{
{{
{{
{{
{{
{{
{{
{Uα
oo
MT
Uβ◦α
aaCCCCCCCCCCCCCCCCC
Uβ
=={{{{{{{{{{{{{{{{{
where the indexed functors U− are the obvious forgetful functors and the inner and
outer triangles are commutative. We know that the extensions are quasi-Frobenius
if either the forgetful or the induction functors are quasi-Frobenius functors (see
Corollary 4.2). The statements follow now directly form Lemma 2.4 (b). Remark
that the ‘only if’ part is in fact a special instance of Proposition 3.10. 
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5. Quasi-Frobenius functors in graded rings
Let G be a group with neutral element e. A ring R is said to be G-graded if there
is a family {Rx; x ∈ G} of additive subgroups of R such that R =
⊕
x∈GRx, and the
multiplication in R is such that, for all x and y in G, RxRy ⊆ Rxy. Similarly, a left
R-module M is graded by G if there is a family {Mx; x ∈ G} of additive subgroups of
M such that M =
⊕
x∈GMx, and for all x and y in G, RxMy ⊆Mxy. We will denote
by R-gr the category of all G-graded left R-modules over the unital group-graded ring
R.
It is well known (see e.g. [17]) that associated to the ring homomorphism ϕ : Re →
R can associate two functors
Ind(−) : ReM→ R-gr and (−)e : R-gr→ ReM.
Here the functor (−)e, called the restriction at e, is given by M 7→ Me, for every
left graded R-module M =
⊕
x∈GMx and Ind(−). The functor Ind(−), called the
induction functor is given by Ind(N) = R⊗Re N , for every left Re-module N , where
the grading on Ind(N) is defined by putting
(Ind(N))y = Ry ⊗Re N
for every y ∈ G. It was shown in [17] that the functor Ind(−) is a left adjoint of the
functor (−)e and the unit of the adjunction η : 1ReM → (−)e ◦ Ind(−) is a functorial
isomorphism.
The functor (−)e has also a right adjoint called the e-th coinduced functor
Coind(−) : ReM→ R-gr,
where for every left Re-module N , Coind(N) =
⊕
yinG Coind(N)y is the left graded
R-module defined by
Coind(N)y = {f ∈ HomRe(R,N) | f(Rx) = 0, ∀x 6= y
−1} ∼= HomRe(Ry−1 , N)
Moreover, the counity of this adjunction τ : (−)e ◦ Coind(−)→ 1ReM is a functorial
isomorphism. From our definitions, it follows that (−)e is a quasi-Frobenius functor
if and only if (Ind(−), (−)e, Coind(−)) is a quasi-Frobenius triple of functors.
Recall that for any M ∈ R-gr and x ∈ G, we define the x-suspension M(x) of M
as the graded R-module obtained from M by putting M(x)y = Myx for all y ∈ G.
5.1. Theorem. Let R be a G-graded ring. The following assertions are equivalent.
(i) (−)e is a quasi-Frobenius functor;
(ii) Ind(−) ∼ Coind(−);
(iii) ∀ x ∈ G, Rx is finitely generated and projective in ReM and R ∼ Coind(Re).
Proof. (i)⇔ (ii) is clear.
(ii)⇒ (iii). Assume that Ind(−) ∼ Coind(−). Then Ind(Re) ∼ Coind(Re). But
Ind(Re) ∼= R which implies that R ∼ Coind(Re) as (R,Re)-bimodules. Now consider
the x-suspended objects R(x) ∈ R-gr for all x ∈ G. These are finitely generated
and projective in R-gr, which can easily be seen from the fact that the forgetful
functor R-gr → RM reflects finitely generated and projective objects. Furthermore,
by Lemma 2.4 (a), the functor (−)e preserves finitely generated and projective objects.
14 F. CASTAN˜O IGLESIAS, C. NAˇSTAˇSTESCU, AND J. VERCRUYSSE
Hence (R(x))e = Rx is a finitely generated and projective left Re-module for all x ∈ G.
(iii)⇒ (ii). Assume that RRRe |Coind(Re). Then there exist morphisms in ReM
(4) R
f // Coind(Re)
n
g // R
with g ◦ f = 1R. For any left Re-module X , apply the functor − ⊗Re X to (4) and
we obtain
(5) R⊗Re X
f⊗X // Coind(Re)
n ⊗Re X
∼= (Coind(Re)⊗Re X)
n g⊗X // R ⊗Re X
By assumption Rx is finitely generated and projective as Re-module, whence
HomRe(Rx, Re)⊗Re X
∼= HomRe(Rx, X).
In particular, Coind(Re)⊗Re X
∼= Coind(X). Then the sequence (5) is given by
R ⊗Re X
f⊗X // Coind(X)n
g⊗X // R⊗Re X
Since (g⊗X) ◦ (f ⊗X) = (g ◦ f)⊗X = 1R⊗X, this implies that Ind(−) |Coind(−).
Analogously, we can prove that Coind(−) | Ind(−). Therefore, Ind(−) ∼ Coind(−).

5.2. Remark. Let R =
⊕
x∈GRx be a k-algebra graded by a group G. We consider the
forgetful functor U : R-gr → RM, where R-gr is the category of G-graded modules.
It is well know that U has a right adjoint functor F : RM→ R-gr. If U is a quasi-
Frobenius functor, then U commutes with direct products and by [7, Corollary 4.4],
G is finite. This implies that U is a Frobenius functor (see [8, Proposition 2.5]).
6. Quasi-Frobenius functors between categories of comodules over
corings
Troughout this section, let C be an A-coring and D a B-coring, where A and B are
k-algebras over the commutative ring k.
6.1. Lemma. Suppose that AC and BD are flat and N,N ∈
DMC. Then DNC ∼ DNC
if and only if −DN ∼ −DN.
Proof. If −DN ∼ −DN , then DDN ∼ DDN and hence DNC ∼ DNC. Assume
now that DNC | DNC. This condition establishes that for some positive integer n
there are bicomodule morphisms
N
f // N
n g // N
such that g ◦ f = 1N . For any right D-comodule X we apply the cotensor functor
XD− to the above sequence and we obtain
XDN
1Xf // (XDN)
n
1Xg // XDN
Clearly, (1Xg)◦(1Xf) = 1X(g◦f) = 1XDN . This implies that −DN | −DN.
Analogously, from DNC | DNC we get −DN | −DN. Thus −DN ∼ −DN. 
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We recall from [1] that a bicomodule X ∈ CMD is called an (A,D)-injector if the
functor −⊗A X :MA →M
D preserves injective objects. Furthermore, X is said to
be (A,D)-quasi-finite if the functor −⊗AX :MA →M
D has a left adjoint, which will
in this case be denoted by hD(X,−) : M
D →MA and is called the Cohom-functor.
In case D is flat as a left B-module than the Cohom-functor can be restricted to
a functor MD → MC, being a left adjoint for −DX : M
D → MC. In fact the
existence of this restricted adjoint is in this case equivalent to X being quasi-finite,
see [10, Proposition 4.2] or [6, 23.6].
6.2. Theorem. Suppose that AC and BD are flat. For k-linear functors F : M
C →
MD and L,R :MD→MC, the following statements are equivalent.
(a) Γ = (L,F,R) is a quasi-Frobenius triple.
(b) There exist bicomodules CMD, DNC and DNC with the following properties.
(i) L ∼= −DN , F ∼= −CM , and R ∼= −DN .
(ii) AMD and BNC are quasi-finite injectors.
(iii) hC(N,C) ∼= CMD, hD(M,D) ∼= DNC;
(iv) N ∼ N as (D,C)-bicomodules.
Proof. (a)⇒ (b). From Lemma 2.4, we know that the functors L, F and R are exact
and preserve all limits and colimits. Therefore, it follows that there exist bimodules
M , N and N as in part (i) of statement (b) (see e.g. [10, Theorem 3.5] or [6, 23.1].
Assertions (ii) and (iii) follow now as an immediate consequence of [21, Proposition
2.9]. Finally, by Lemma 6.1 L ∼ R implies that N ∼ N as (D,C)-bicomodules.
(b)⇒ (a). Assume that there exist bicomodules CMD, DNC and DNC satisfying all
conditions of part (b). Combining conditions (i) and (iv) with Lemma 6.1, we obtain
that L ∼ R. Using the property of quasi-finite comodules recalled before this theorem,
we know that F ∼= −CM has a left adjoint hC(M,−) and R ∼= −DN has a left
adjoint hD(N,−). Using a property of quasi finite injectors (see [1, Corollary 3.12])
in the last isomorphism of the next computation, we find that for all X ∈MD
L(X) ∼= XDN ∼= XDhD(M,D) ∼= hD(M,X).
Hence, L is a left adjoint for F. Similarly, we find that F is a left adjoint for R, and
therefore Γ is a quasi-Frobenius triple. 
7. Quasi-Frobenius coring homomorphisms
Following [10], a coring homomorphism from the A-coring C to the B-coring D is
a pair (ϕ, ρ), where ρ : A→ B is a homomorphism of k-algebras and ϕ : C→ D is a
homomorphism of A-bimodules such that
εD ◦ ϕ = ρ ◦ εC and ∆D ◦ ϕ = ωD,D ◦ (ϕ⊗A ϕ) ◦∆C,
where ωD,D : D ⊗A D → D ⊗B D is the canonical map induced by ρ : A → B. The
functor −⊗A B :M
C →MD has a right adjoint −D(B ⊗A C) :M
D→MC, hence
B ⊗A C is (B,C) quasi-finite [10, Proposition 5.4]. From now on, suppose that AC
and BD are flat. If (C⊗A B) is (A,D) quasi-finite, then the functor hD(C⊗A B,−) :
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MD → MC is a left adjoint to −C(C ⊗A B) ∼= (−CC) ⊗A B ∼= − ⊗A B. In this
case we have an adjoint triple of functors
Γ = (hD(C⊗A B,−),−⊗A B,−C(B ⊗A C))
between the Grothendieck categories MC and MD. Moreover, (B ⊗A C) is a (B,C)
(quasi-finite) injector because the functor −D(B ⊗A C) is right adjoint to the exact
functor − ⊗A B. These observations, in combination with Theorem 6.2, lead to the
following.
7.1. Theorem. Let C be an A-coring and D a B-coring such that AC and BD are
flat. Consider a homomorphism of corings (ϕ, ρ) : C→ D such that B⊗A C is (B,C)
quasi-finite. Then the following statements are equivalent.
(i) −⊗A B :M
C →MD is a quasi-Frobenius functor;
(ii) C ⊗A B is an (A,D) quasi-finite injector and hD(C ⊗A B,D) ∼ B ⊗A C as
(D,C)-bicomodules.
7.2. Remark. (1) By [5, Example 2.6], a ring A can be viewed as a trivial A-
coring and the category of comodules of A, MA is isomorphic to MA. Using
this observation, we take C = A and D = B and we find that Theorem 7.1
reduces to Corollary 4.2 where a functorial characterization of quasi-Frobenius
ring extensions is given. In this case we have that A ⊗A B ∼= B is (A,B)
quasi-finite if and only AB is finitely generated and projective. Moreover,
hB(B,−) ≃ −⊗B HomA(AB,A).
(2) When A = B, the corectriction functor − ⊗A A : M
C → MD is quasi-
Frobenius if and only if C is an (A,C) quasi-finite injector and hD(C,D) ∼ C
as (D,C)-bicomodules.
(3) When A = B = k, Theorem 7.1 establishes that the corectriction functor
(−)ϕ : M
C → MD is quasi-Frobenius if and only if CD is a quasi-finite
injector and hD(C,D) ∼ C as (D,C)-bicomodules.
It is then reasonable to give the following definition.
7.3. Definition. Let (ϕ, ρ) : C → D be a homomorphism of corings such that AC
and BD are flat. It is said to be a right quasi-Frobenius morphism of corings if
−⊗A B :M
C →MD is a quasi-Frobenius functor.
Quasi-Frobenius corings. Let C be an A-coring. The forgetful functor U :MC →
MA is a left adjoint for the induction functor − ⊗A C (see [4, Lemma 3.1]). By
classical hom-tensor relations, a right adjoint for the induction functor is given by
HomC(CC,−) : MC → MA. In light of our previous discussions, it is now a natural
question to pose when U is similar to HomC(CC,−), i.e. when the induction functor is
a quasi-Frobenius functor. Comparing this to Corollary 4.2, this leads to the following
definition.
7.4. Definition. An A-coring C is called a quasi-Frobenius coring provided the in-
duction functor −⊗A C :MA →M
C is a quasi-Frobenius functor.
A characterization of such corings is the following that generalizes [11, Theorem
4.2] for left quasi-Frobenius corings. First, recall that ∗C := HomA(AC, AA) and
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C
∗ := HomA(CA, AA) are rings with unit εC and multiplication for all f, g ∈
∗
C and
f ′, g′ ∈ C∗ given by the formulas
f ∗ g(c) = g(c(1)f(c(2))); f
′ ∗ g′(c) = f(g(c(1))c(2)).
Furthermore, the maps i : A→ ∗C, i(a)(c) = εC(c)a and i
′ : A→ C∗, i′(a)(c) = aεC(c)
are ring morphisms. There are well-defined functors MC → M∗C and
CM → C∗M
putting
m · f = m[0]f(m[1]); g · n = g(n[−1])n[0];
for all f ∈ ∗C, g ∈ C∗, m ∈ M and n ∈ N , where M ∈MC and N ∈ CM.
7.5. Theorem. Let C be an A-coring with AC flat. Then the following assertions are
equivalent.
(i) C is a quasi-Frobenius coring;
(ii) (U′,C ⊗A −,Hom
C(CC,−)) is a quasi-Frobenius triple between AM and
CM,
where U′ : CM → AM is the forgetful functor, i.e. C ⊗A − : AM →
CM is a
quasi-Frobenius functor;
(iii) C is finitely generated projective as a left A-module and C ∼ ∗C as (A, ∗C)-
bimodules;
(iv) C is finitely generated and projective as a right A-module and C ∼ C∗ as (C∗, A)-
bimodules;
(v) C is finitely generated and projective as a left A-module and (−⊗A
∗
C,U,−⊗AC)
is a quasi-Frobenius triple of functors betweenMA andM
C, i.e. U :MA →M
C
is a quasi-Frobenius functor.
(vi) C is finitely generated projective as left A-module and i : A → ∗C is a quasi-
Frobenius extension;
(vii) C is a quasi-Frobenius (A, ∗C)-bimodule;
(viii) ∗C is a quasi-Frobenius (∗C, A)-bimodule
(ix) ‘left-right’ duals of (v)-(viii), replacing the categories of right (co)modules by
their left counterparts and replacing ∗C by the ring C∗.
Proof. (i)⇒ (iv). Consider A as a trivial A-coring. If C is quasi-Frobenius, then we
have a pair of quasi-Frobenius functors between the categoriesMA andMC. Applying
Theorem 6.2, we find a (C, A)-bicomodule X that is an (A,A) quasi-finite injector
and such that HomC(C,−) ∼= −CX . By [10, Example 4.3], the quasi-finiteness of X
implies thatX is finitely generated and projective as a left A-module. Moreover, since
X ∼= CCX ∼= Hom
C(C,C) ∼= C∗, we find that C∗ is finitely generated and projective
as a left A-module, and therefore C is finitely generated as a right A-module. Finally,
U(C) ∼ HomC(C, A) as right A-modules, and by naturality of the functors, we obtain
that similarity holds as well as left C-comodules, hence as left C∗-modules.
(iv)⇒ (iii). Since C is finitely generated and projective as a right A-module, C∗
is finitely generated and projective as a left A-module. But since C ∼ C∗, we find
by Lemma 3.3 that C is also finitely generated and projective as a left A-module.
Furthermore, applying the functor HomA(−, AA) to C ∼ C
∗ we obtain that ∗C ∼
HomA(AC
∗, AA) ∼= C.
(iii)⇒ (viii). Since C is finitely generated as a left A-module, ∗C is finitely generated
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as a right A-module. Obviously, ∗C is finitely generated as a left ∗C-module. Moreover
HomA(
∗
CA, AA) ∼= C and Hom∗C(∗C
∗
C, ∗C
∗
C) ∼= ∗C. The implication follows now from
Definition 3.6
(viii)⇔ (vi). This is a direct application of Corollary 4.2.
(viii)⇔ (v). Consider the following diagram of functors
(6) MA
−⊗A
∗
C //M∗C
−⊗∗C
∗C
//
∼=

MA
−⊗AC //M∗C
∼=

−⊗∗CHom∗C(C∗C ,
∗C∗C)//MA
MA
−⊗A
∗C //MC
U //MA
−⊗AC //MC
HomC(CC ,−)
//MA
Since C is finitely generated and projective as a left A-module,MC ∼=M∗C, in partic-
ular, the functor −⊗A
∗
C :MA →M∗C makes sense, since
∗
C is a right C-comodule.
Consider the three first functors in the upper and lower row of the diagram. Clearly,
the diagram commutes on this part. On the upper row, the triple is quasi-Frobenius
if and only if ∗C is a quasi-Frobenius (∗C, A)-bimodule, the triple on the lower row
will be quasi-Frobenius if and only if condition (v) holds. As the categories are all
isomorphic, this shows the equivalence.
(viii)⇔ (vii). This follows from Remark 3.9.
(vii)⇒ (i). Consider again diagram (6). Condition (vii) means exactly that the
last tree functors in the upper row of the diagram are a quasi-Frobenius triple. Fur-
thermore, C is finitely generated and projective both as a right ∗C module and as
a left A-module, therefore there are natural isomorphisms − ⊗∗C Hom∗C(C∗C,
∗
C∗C) ≃
Hom∗C(C∗C,−) ≃ Hom
C(CC,−), this means that the last square of diagram (6) is com-
mutative (the commutativity of the remaing part was already checked before). Hence
the last tree functors of the lower row in the diagram are also a quasi-Frobenius triple,
i.e. C is a quasi-Frobenius coring.
Finally, by left-right symmetric arguments, one proves (ii) ⇒ (iii) ⇒ (iv)⇒ (ix) ⇒
(ii). 
7.6. Corollary. Let ϕ : C→ D be a right quasi-Frobenius homorphism of A-corings.
If D is a quasi-Frobenius A-coring, then C is also a quasi-Frobenius A-coring.
Proof. Consider the following commutative diagram of functors,
MC
UC
!!C
CC
CC
CC
CC
CC
CC
CC
CC
−⊗AA //
MD
UD
}}{{
{{
{{
{{
{{
{{
{{
{{
{
MA
where UC and UD denote the forgetful functors. The statement follows now immedi-
ately from Lemma 2.4 (b). 
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7.7. Remark. A related, more general notion is that of a quasi-co-Frobenius coring. A
categorical description of quasi-co-Frobenius corings was initiated recently by Iovanov
and the third author in [12].
Recall from [19], that given a ring extension ρ : R→ S, one can view C = S ⊗R S
as an S-coring. This construction is presently known as Sweedler’s coring associated
to ρ. The following result generalizes [5, Theorem 2.7] and [11, Proposition 4.3] and
can be viewed as the endomorphism ring theorem for quasi-Frobenius extension in
terms of corings.
7.8. Proposition. Let C = S ⊗R S be the Sweedler’s coring associated to a ring
extension ρ : R → S. If S is a quasi-Frobenius extension of R, then C is a quasi-
Frobenius S-coring.
Proof. If ρ is a quasi-Frobenius ring extension, then we know by Corollary 4.2 that
ρ∗ is a quasi-Frobenius functor, RS is finitely generated projective and SSR ∼ (RS)
∗
as (S,R)-bimodules. By Lemma 2.4, the functor −⊗R S preserves finitely generated
and projective modules. Hence, (S ⊗R S)S is finitely generated and projective as a
right S-module. Applying −⊗R S to SSR ∼ (RS)
∗ we obtain
R(S ⊗R S)S ∼ (RS)
∗ ⊗R S ∼= EndR(S).
Now from [9, Proposition 2.1], EndR(S)
∼= T , where T is the opposite algebra of
((S ⊗R S)S)
∗. Therefore S ⊗R S ∼ T , and S ⊗R S is a quasi-Frobenius S-coring by
Theorem 7.5. 
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